ABSTRACT. We define a subcategory of the category of diffeological spaces, which contains smooth manifolds, the diffeomorphism subgroups and its coadjoint orbits. In these spaces we construct a tangent bundle, vector fields and a de Rham cohomology.
Introduction
The category of diffeological spaces [2, 6] extends that of manifolds and allows many topological and geometrical constructions, including products, quotients, forms, homotopies, fibrations [4] . It has the property that Hom(X, Y ) is an object in a canonical way whenever X and Y are, thereby allowing the study of infinite dimensional objects.
It is known that symplectic manifolds play a central role in the modelling of physical systems [1, 7] , and in particular coadjoint orbits have a natural symplectic structure [5] . By using a covariant definition of forms, this result is extended by Souriau also to the category of diffeological spaces and even allows the construction of a prequantization [3, 6] whenever a certain cohomological obstruction is zero.
In this paper we introduce the concept of a smooth diffeological space (SDS). This is a subcategory that includes manifolds, but is general enough to include groups of diffeomorphisms and infinite-dimensional coadjoint orbits. This category allows a dynamical modelling: we prove that these objects possess canonical tangent bundles and that each of them are also SDS. This allows the construction of flows and Lie algebras of vector fields, and of de Rham cohomologies.
(iii) For every ψ ∈ C ∞ (U ′ , U ) where U , U ′ are open subsets of R m , R n respectively, and every plaque p: U → X, p • ψ is also in P (X). The set of n-plaques is denoted P n (X), and the set of n-plaques p such that p(0) = F ∈ X is denoted P n F (X). It may be seen that every set S of plaques on X generates a smallest diffeology P S which is formed by plaques p: U → X such that for all r ∈ U there exists U r ⊂ U open with p| U r = f • φ where φ: U r → V ⊂ R n is smooth and f ∈ S. A map f : X → Y between two spaces with diffeologies P (X) and P (Y ) is called differentiable if p ∈ P (X) implies f • p ∈ P (Y ). The set of such maps is denoted by
We shall now introduce a particular class of diffeologies that we call smooth, in order to set the stage for infinite-dimensional tangent spaces in the diffeological category.
F is an equivalence relation on the set P n F (X), that satisfy a consistency condition:
, carries a vector space structure that satisfies the following consistency condition: whenever
The class of the plaque p(t) at a point F ∈ X will be denoted by [p] X instead. The linear structure is called continuous if given two (n + m)-plaques p i (r, s) with i = 1, 2 such that p 1 (r, 0) = p 2 (r, 0) then there exists a plaque p 12 (r, s) such that
is called the n-th tangent space at F , and the disjoint union T n X := F ∈X T n F X is called the n-th tangent bundle over X. Notice that T n F X need not carry a linear structure. For example, the union of two smooth curves that intersect transversally at F is a smooth diffeological space, for which T n F X is the union of two lines.
If the smooth diffeologies are linear, f is called a smooth map if, in addition,
is linear for each F ∈ X. The set of smooth functions is denoted
In particular, if Y = R with the smooth manifold diffeology that is described below, then the notation C ∞ (X) will be used instead.
Notice that the set of smooth diffeological spaces as objects with the smooth maps as morphisms is a category, since if f : A → B and g: B → C are smooth then g • f is differentiable and preserves the equivalence relations. Moreover, the chain rule
holds, and linearity is preserved by this composition; therefore g • f is a smooth map if f and g are smooth maps.
Let (X, P, ∼) be a linear SDS (smooth diffeological space) and let Y ⊂ X. The subspace diffeology is formed by the plaques p such that p(r) ∈ Y for all r.
if and only if
Some examples of SDS are the following: (1) Let M be a smooth manifold modelled on a locally convex vector space V . Let P (M ) be the manifold diffeology (formed by the smooth plaques). For each F ∈ M , choose a chart (U F , α F ) around F , and define
The map
is a bijection and defines V 1 F . Other spaces are defined similarly. In this case
, where C ∞ (M ) denotes the set of smooth functions with respect to the manifold structure. In particular, when M = R n , we recover the standard differentiable structure on a finite-dimensional vector space. (2) Let M be a smooth finite dimensional manifold and let X = Diff c (M ) (the infinitedimensional group of diffeomorphisms of M with compact support). Define P (X) as the set of functions p: U → X, U ⊂ R n open, such that
is smooth. Given g ∈ X and p 1 , p 2 ∈ P n (X) with p 1 (0) = p 2 (0) = g, we define
, the space of vector fields with compact support on M .
(3) There is a natural smooth diffeology on coadjoint orbits. Let G be a subgroup of diffeomorphisms (of the group X defined above) with Lie algebra G such that d dt p(t)| t=0 ∈ G for each diffeotopy p in G. This is a condition that holds for example if G is the group Diff c (M ) or the group of symplectic diffeomorphisms, or if G is finite dimensional (it is an open question whether this holds for any closed subgroup). On any coadjoint orbit Ω F 0 define the diffeology P (Ω F 0 ) generated by the set of plaques of the form b(r) = K(p(r))F where F ∈ Ω F 0 and p ∈ P (G) (defined above from the subspace diffeology) and K is coadjoint action. In
for each Y in G, and for each m ≤ n. Let b ∈ P (Ω F 0 ), and let
F is a bijection between T F Ω F 0 and G/G(F ), and allows us to regard T F Ω F 0 as a vector space by transport of structure. In this way Ω F 0 becomes a C 1 linear diffeological space. We shall prove that T m X has a natural smooth diffeology. Consider the set of maps of the formp (r 1 , . . . , r n ) :
where p is a (n +m)-plaque. Let P (T m X) be the set of plaques generated by these plaques (via condition (ii) of the definition of diffeology).
Any [α] ∈ T m X is a class of m-plaques at some point F . Let α: U → X, U ⊂ R m , α(0) = F be such a plaque, and letp 1 ,p 2 be two n-plaques on T m X such thatp
Proof. These plaques cover
where the map
The space T F X is given the subspace diffeology of T X. For example, for n = 1 it consists of plaquesp of the formp: U → T F X such thatp(r) = [p(r, t)] X t where p(r, 0) = F for each r; then p(r, t) is a t-curve through F for each r.
If X has a linear structure, then we can define a linear structure on T n X in the following way: take a point (F, [α]) at T n X and two k-vectors at this point (these are classes of k-plaques
where m Y for all r, and it is equal to (f • p) (r), which is an n-plaque on T m Y . Therefore
If X has a linear structure, then one can check that the differential of these maps are also linear. Proof. Letp be a k-plaque of T X on (F, [α]),p(r) = [p(r, t)] t . Then (π •p)(r) = p(r, 0) is a plaque on X. Therefore π is differentiable. Assumep 1 ,p 2 ∈ P (T X). Ifp 1 ≈p 2 then p 1 (r, t) ∼ n+1 p 2 (r, t), then p 1 (r, 0) ∼ n p 2 (r, 0); therefore π(p 1 ) ∼ π(p 2 ). If X has a linear structure then the linearity of Dπ is easily proved from the definitions; hence π is smooth.
The de Rham cohomology
A vector field on X is a smooth section of the tangent bundle T 1 X. The set of vector fields is denoted Γ(X). Given a vector field ξ and f in C ∞ (X), define
It is clear that d n+1 • d n = 0. This allows the definition of Z n (X, R) := ker(d n ), B n (X, R) := im(d n−1 ) and H n dR (X, R) := Z n /B n . This is the n-th de Rham cohomology group of X.
